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Abstract: We study the horizontal dispersion of passive tracer particles on the free surface of gravity
waves in deep water. For random linear waves with the JONSWAP spectrum, the Lagrangian particle
trajectories are computed using an exact nonlinear model known as the John–Sclavounos equation.
We show that the single-particle dispersion exhibits an unusual super-diffusive behavior. In particular,
for large times t, the variance of the tracer 〈|X(t)|2〉 increases as a quadratic function of time, i.e.,
〈|X(t)|2〉 ∼ t2. This dispersion is markedly faster than Taylor’s single-particle dispersion theory
which predicts that the variance of passive tracers grows linearly with time for large t. Our results
imply that the wave motion significantly enhances the dispersion of fluid particles. We show that this
super-diffusive behavior is a result of the long-term correlation of the Lagrangian velocities of fluid
parcels on the free surface.
Keywords: turbulent dispersion; waves; Stokes drift
1. Introduction
Water waves cause the material transport of fluid particles on the free surface of the fluid. The
waves induce a fluid velocity on the free surface which in turn determines the horizontal motion of
fluid particles on the free surface. This phenomena has been known since Stokes [1] who studied
the average velocity of fluid parcels transported by a linear monochromatic wave. The resulting
displacement is referred to as the Stokes drift.
More specifically, denote the horizontal trajectory of a fluid particle on the free surface by
x(t; t0, x0) (or x(t), for short). For simplicity, we assume that the waves are unidirectional. The
map x(t; t0, x0) denotes the horizontal position of a fluid parcel at time t given its initial position x0 at
time t0. The surface elevation is assumed to be a graph over the horizontal coordinates and is denoted
by ζ(x, t) (see figure 1). Since the fluid parcels on the free surface are constrained to it, their vertical
position of the parcel is given by ζ(x(t), t). Therefore, knowledge of the horizontal position x(t) of the
fluid particles and the free surface elevation ζ completely determines the position of the particles.
For a fixed initial condition x0, Stokes’ theory [1] seeks to determine the average displacement
〈x(t)〉 of the particles at a later time. Here, 〈·〉 denotes the ensemble average over many realizations of
the random surface waves. In other words, the Stokes’ theory is concerned with the first-order statistics
of the fluid displacement on the free surface. The main focus of the present work is the second-order
statistics of particle dispersion. More precisely, we examine the temporal evolution of the variance
〈|X(t)|2〉 where X(t) = x(t)− 〈x(t)〉 denotes the mean-zero displacement of the fluid particles.
1.1. Summary of the main results
As we review in Section 1.2, this second-order statistics has also been studied extensively.
However, previous studies either assume the velocity field as a linear superposition of the velocity
induced by linear waves or use perturbation theory to approximate the velocity field. Here, however,
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Figure 1. Schematic description of the surface waves. The time-dependent free surface z = ζ(x, t) is a
graph over the horizontal coordinate x.
we obtain the fluid particle trajectories x(t; t0, x0) from an exact model known as the John–Sclavounos
(JS) equation (see Section 3 for a review). This exact nonlinear kinematic model was first derived
by John [2] for unidirectional irrotational water waves. Sclavounos [3] generalized the equations to
two-dimensional waves and removed the irrotationality assumption. Fedele et al. [4] further analyzed
the JS equation discovering its underlying Hamiltonian structure.
Using the JS equation, we compute the temporal evolution of the variance 〈|X(t)|2〉 for fluid
particles evolving from a given initial condition x(t0) = x0. This puts us in the framework of the
single-particle dispersion theory. Single-particle dispersion was first studied by Taylor [5] in the
context of homogeneous, isotropic turbulence (see Section 2, for a review). Taylor’s dispersion theory
predicts that the variance 〈|X(t)|2〉 exhibits a ballistic motion for short times (i.e., 〈|X(t)|2〉 ∼ t2) and a
diffusive motion for large times (i.e., 〈|X(t)|2〉 ∼ t), so that the variance follows the scaling laws
〈|X(t)|2〉 ∼
{
t2, for small t,
t, for large t.
(1)
These scaling laws are often assumed in the study of fluid particles dispersed by surface waves.
The main contribution of the present study is to show that Taylor’s dispersion laws (1) may be violated
for particles advected by free-surface waves. More precisely, our results can be summarized as follows.
1. The variance 〈|X(t)|2〉 of the particles advected by a surface wave follow the scaling laws
〈|X(t)|2〉 ∼
{
t4 for t/Tp < 1,
t2 for t/Tp > 1,
(2)
where Tp denotes the wave period. This is markedly different from the prediction of Taylor’s
theory. In particular, the long-term evolution of the variance follows a ballistic motion as opposed
to a diffusive motion.
2. Central to Taylor’s theory of single-particle dispersion is the autocorrelation function R(τ)
of the Lagrangian fluid velocities (see Section 2, for a precise definition of R). To arrive at
the scaling laws (1), Taylor assumes that this autocorrelation function decays to zero rapidly
enough so that the integral
∫ ∞
0 R(τ)dτ exists and its value is finite. We show, however, that for
particles dispersed by surface waves, the autocorrelation function decays to 1/2 as τ → ∞. This
observation, in turn, explains the unusual scaling (2).
1.2. Earlier studies
Previous studies of particle dispersion on the free surface of a fluid can be divided into three
general categories: i) Passive tracers on a flat free surface, ii) Linear or nonlinear waves with the
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induced velocity field modeled based on simplifying assumptions, and iii) Velocity field derived from
satellite altimetry data.
The first category is concerned with the Lagrangian motion of fluid particles on the flat free surface
of a fluid in a container. Although the three-dimensional flow is incompressible, the velocity field
restricted to the surface can be compressible. As a result, the passive tracers can form clusters on a
nontrivial subset of the surface. Such no-slip surface flows have been studied experimentally [6,7] and
numerically [8–11] with their main emphasis being on the clustering patterns formed by tracers on the
free surface. However, they neglect the effect of waves on the dispersion of the tracers by assuming a
flat free surface.
The second category considers the effect of waves on the particle dispersion [12–17]. These studies
often assume (explicitly or implicitly) that the longterm particle dispersion is diffusive (Taylor’s theory)
and aim to approximate the diffusion tensor. However, they use a simplified model for the fluid
velocity field on the surface. For instance, Herterich and Hasselmann [12] assume that the Eulerian
velocity field is a linear superposition of the velocities obtained from linear wave theory. Weichman
and Glazman [13] also assume such a linear wave theory for their study of passive tracer advection
(also see Refs. [14,15]).
Bühler and Holmes-Cerfon [16] consider dispersion by random waves in the rotating shallow
water framework. They go beyond the linear wave theory by using the wave-mean interaction theory
to account for second-order corrections to the linear velocity field. Holmes-Cerfon et al. [17] use a
similar approach in the framework of rotating Boussinesq equation. Although accounting for the
second-order nonlinear effects, these studies also assume that the longterm dispersion is diffusive
(Taylor’s theory).
The third category derives ocean velocity field from the satellite altimetry data [18–23]. These
studies are concerned with the large scale mixing in the ocean (on the order of a few kilometers). It is
believed that, over such scales, the main contribution to mixing comes from the large ocean eddies
with negligible contribution from the wave motion. Nonetheless, the velocity field is derived from
the sea surface height measured by altimetry techniques [24]. In order to relate the sea surface height
to the fluid velocity field, one makes the so-called quasi-geostrophic assumption, resulting in an
approximation of the true velocity field.
In contrast to previous studies, here we use the John–Sclavounos equation to compute the exact
Lagrangian trajectory of fluid parcels on the free surface and thereby examine the validity of the
underlying assumptions of Taylor’s single-particle dispersion theory.
Before proceeding further, we also refer to the work on pilot-wave hydrodynamics which concerns
the motion of droplets bouncing on the surface of a fluid [25,26]. These droplets create a wave when
bouncing off the surface which in turn guides the motion of the droplet upon subsequent bounces.
Clearly, the pilot-wave phenomena is distinct from the dispersion of fluid parcels that belong to the
free surface (as considered here) and the two should not be confused.
1.3. Outline of the paper
In Section 2, we review Taylor’s single-particle dispersion theory. Section 3 reviews the JS equation
for the motion of fluid particles on a surface wave. In Section 4, we describe the set-up of our numerical
simulations. Our numerical results are presented in Section 5. Finally, we present our concluding
remarks in Section 6.
2. Review of Taylor’s single-particle dispersion theory
In this section, we briefly review the single-particle dispersion theory of Taylor [5]. This theory is
not limited to particle on a free-surface wave and applies more generally to fluid particles advected by
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turbulent velocity fields which satisfy the simplifying assumptions mentioned below. Fluid particles
move according to the ordinary differential equation,
x˙ = u(x, t), x(t; t0; x0) = x0, (3)
where x(t; t0; x0) ∈ Rd denotes the trajectory of a fluid particle starting from the point x0 at the initial
time t0. The time-dependent vector field u(x, t) ∈ Rd denotes the Eulerian fluid velocity field.
We also define the Lagrangian velocity v(t; t0, x0) = u(x(t; t0, x0), t) which measures the fluid
velocity along the trajectory x(t; t0, x0). Integrating (3) in time, we obtain
x(t; t0, x0) = x0 +
∫ t
t0
v(t′; t0, x0)dt′. (4)
Taylor [5] views the Lagrangian velocity v as a stochastic process and seeks to derive the properties
of the resulting stochastic process x. In the following, we briefly review Taylor’s argument. For
notational convenience, we omit the dependence of the Lagrangian trajectory and velocity on the
initial conditions (t0, x0) and simply write x(t) and v(t).
Taylor [5] also assumes that the flow is homogeneous and isotropic. These assumptions imply that
the flow can be considered as a one-dimensional motion (d = 1). Therefore, we omit the vectorization
of the quantities and denote the fluid parcel’s position and velocity by x(t) and v(t), respectively. We
also define the mean-zero position and Lagrangian velocity of the particles,
X(t) := x(t)− 〈x(t)〉, V(t) := v(t)− 〈v(t)〉, (5)
where 〈·〉 denotes the ensemble average. It is straightforward to show that
X(t) =
∫ t
t0
V(t′)dt′. (6)
Taylor’s theory predicts the scaling (1) for the variance of the quantity X(t). Note that this
prediction implies that, for short times, the particle dispersion is ballistic while, for long times, the
particles diffuse as if they are undergoing Brownian motion. In order to derive expression (1), we
consider the time derivative of the variance of X(t),
∂
∂t
〈|X(t)|2〉 = 2〈X(t)V(t)〉 = 2
∫ t
t0
〈V(t)V(t′)〉dt′ = 2
∫ t
0
〈V(t)V(t− τ)〉dτ, (7)
where for the last identity we used the change of variables τ = t− t′ and assumed t0 = 0 (without loss
of generality). Assuming that V is a stationary process, the covariance 〈V(t)V(t− τ)〉 only depends
on τ. Therefore, the autocorrelation function R(τ) := 〈V(t)V(t− τ)〉/〈|V(t)|2〉 only depends on the
delay parameter τ. Integrating equation (7) in time, we obtain
〈|X(t)|2〉 = 2〈|V(t)|2〉
∫ t
0
∫ t′
0
R(τ)dτdt′
= 2〈|V(t)|2〉
∫ t
0
(t− τ)R(τ)dτ. (8)
We note that, for homogeneous and isotropic flows with stationary Lagrangian velocities v(t),
equation (8) is exact. In order to arrive at the scaling laws (1), Taylor [5] makes further simplifying
assumptions. In particular, he assumes that, for small t, the autocorrelation function is constant. As
a result, for small t, we obtain 〈|X(t)|2〉 ∼ 2〈V2〉 ∫ t0 (t− τ)dτ = 〈V2〉t2 (note that the variance 〈V2〉
is time-independent since we assumed the Lagrangian velocity is a stationary stochastic process).
Furthermore, assume that
∫ ∞
0 R(τ)dτ and
∫ ∞
0 τR(τ)dτ exist and are finite. Then, for large t, we have
〈|X(t)|2〉 ∼ 2Dt where D = 〈V2〉 ∫ ∞0 R(τ)dτ.
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To summarize, for the scaling laws (1) to hold, the stochastic Lagrangian velocities v(t) must be
stationary. Furthermore, the autocorrelation function R(τ) must decay to zero fast enough so that the
integrals
∫ ∞
0 R(τ)dτ and
∫ ∞
0 τR(τ)dτ are finite. In Section 5, we show that some of these assumptions
do not hold generally for particles advected by random surface waves. Our results are obtained by
numerically integrating an exact model of the fluid trajectories on the free surface. We introduce this
model in the next section.
3. John–Sclavounos equation
The John–Sclavounos (JS) [2,3] equation describes the horizontal motion of fluid particles on a free
surface ζ. Lets denote the horizontal coordinate by x and denote the vertical coordinate (corresponding
to the depth) by z. We assume that the free surface is a graph over the horizontal coordinate x so that
on the free surface z = ζ(x, t) (see figure 1). The position of the particles on the free surface at time t is
then given by (x(t), ζ(x(t), t)). The Eulerian velocity field inside the fluid is denoted by u(x, z, t). The
fluid velocity u and the free surface ζ(x, t) satisfy the water wave equations.
With this notation, the JS equation reads
x¨ = − ζ,xx x˙
2 + 2ζ,xt x˙ + (g+ ζ,tt)
1+ ζ2,x
ζ,x, (9)
where ζ,x is shorthand notation for the partial derivative ∂ζ/∂x and similarly for partial derivatives
with respect to time. Supplying equation (9) with the appropriate initial conditions (x(0), x˙(0)) and
integrating in time, the horizontal motion of the particles on the free surface can be computed. The
JS equation is quite a remarkable result. It implies that if the surface elevation ζ is known, then the
motion of the particles on the free surface can be deduced without knowing the full fluid velocity field
u(x, z, t).
Denoting the horizontal Lagrangian velocity of a fluid parcel by v = x˙, we write the JS equation
as a set of first-order differential equations
x˙ = v, v˙ = −Q(x, v, t)
1+ ζ2,x
ζ,x, (10)
where
Q(x, v, t) := ζ,xxv2 + 2ζ,xtv + (g+ ζ,tt) =
d2
dt2
ζ(x(t), t) + g. (11)
Fedele et al. [4] showed that the JS equations (10) have a Hamiltonian structure which in the 1D case is
given by
x˙ =
∂H
∂p
, p˙ = −∂H
∂x
, (12)
where the Hamiltonian H reads
H(x, p, t) =
1
2
(p− ζ,tζ,x)2
1+ ζ2,x
+ gζ − 1
2
ζ2,t, (13)
and the generalized momentum p is given by p = (1+ ζ2,x)v + ζ,tζ,x.
In the time-independent case, where ζ,t ≡ 0, the Hamiltonian is a conserved quantity. In other
words, the quantity,
H0 =
1
2
p2
1+ ζ2,x
+ gζ, (14)
is invariant along the trajectories of the JS equation. However, in the realistic situation where the free
surface elevation is time-dependent, the energy H is no longer conserved and complex particle motion
is possible.
Version February 12, 2019 submitted to Fluids 6 of 12
The derivation of Fedele et al. [4] also shows that the JS equation holds more generally for any
particle constrained on a surface ζ(x, t) and moving under the gravitational force. In particular, they
show that the JS equation can be derived without making use of the continuity equation.
In the following, we do not leverage the Hamiltonian structure of the JS equation. Instead, for a
given surface elevation ζ(x, t), we numerically integrate the JS equation (10) and compute the resulting
particle dispersion properties. Although here we focus on unidirectional waves, the JS equation is
applicable to two-dimensional waves (see Refs. [3,4]) and therefore our results can be generalized in a
straightforward fashion.
We point out that a model similar to the JS equation was proposed by Herbers and Janssen
[27] (see their equation (20)). That model however is inaccurate since it neglects the denominator in
equation (9).
4. Set-up
4.1. Irregular wave field
We consider random surface waves in deep water consisting of a finite sum of plane waves,
ζ(x, t) =
n
∑
i=1
ai cos(kix−ωit + φi), (15)
where ki is the wave number, ωi is the wave frequency satisfying the linear dispersion relation
ωi =
√
gki. The random phases φi are uniformly distributed over the interval [0, 2pi].
We consider waves that follow the JONSWAP (Joint North Sea Wave Project) spectrum [28]
S(ω) =
αg2
ω5
exp
[
−5
4
(ωp
ω
)4]
γ
exp
[
− (ω/ωp−1)
2
2β2
]
, (16)
where γ = 3.3 is the enhancement factor and ωp is the angular frequency corresponding to the peak of
the spectrum. The standard deviation β = 0.07 for ω ≤ ωp and β = 0.09 for ω > ωp. The amplitude α
will be specified later according to the desired wave steepness.
The wave amplitudes in (15) are set to ai =
√
2S(ωi)∆ω so that the random wave field ζ has the
JONSWAP spectrum (16). This yields σ2 := 〈ζ2〉 = 12 ∑ni=1 a2i = ∑ni=1 S(ωi)∆ω, where σ is the standard
deviation of the wave elevation ζ. The significant wave height Hs is defined as four times this standard
deviation, Hs = 4σ. Following [29], we define the average wave steepness as e = Hskp/2.
4.2. Initial conditions
The JS equation (10) is a two-dimensional system of first-order differential equations. In order to
numerically integrate these equations, we need to supply them with the appropriate initial conditions
(x(0), v(0)) = (x0, v0). Since the surface waves (15) are stochastically homogeneous, the choice of
the initial position x0 does not alter the final ensemble averaged quantities. Therefore, we simply set
x0 = 0.
The initial velocity v0 should be consistent with the Eulerian velocity induced by the wave
motion [3]. Since this Eulerian velocity is unknown (unless one solves the full water wave equations),
we have to make an assumption for v0. Here, we set the initial particle velocity v0 to coincide with the
induced velocity of a linear wave. The velocity potential of a monochromatic linear wave at the surface
is φ = (ag/ω) sin(kx−ωt). This implies the horizontal velocity v = ∂φ/∂x = (agk/ω) cos(kx−ωt).
Since the surface is a superposition of linear waves, each component of the random wave field
contributes differently to the horizontal particle velocity. For simplicity, we assume that the main
Version February 12, 2019 submitted to Fluids 7 of 12
contribution comes from the wave corresponding to the peak of the spectrum. Therefore, we set
v0 = agkp/ωp. Furthermore, the wave amplitude a satisfies 〈ζ2〉 = 12 a2. This implies
v0 =
√
2σgkp
ωp
, (17)
where σ = 〈ζ2〉 12 is the standard deviation of the wave elevation. We have checked numerically that
the resulting ensemble averaged Lagrangian velocity is time-independent and 〈v(t)〉 = v0; thereby
confirming that the choice of the initial velocity does not affect the longterm ensemble behavior of the
particles. Furthermore, we have perturbed this initial velocity v0 and observed no significant change
in the results reported in section 5.
Although the initial velocity v0 is deterministic, v(t) is stochastic for t > 0. This is because
v satisfies the JS equation (10) whose right-hand-side inherits the stochasticity of the surface
elevation (15).
4.3. Non-dimensional variables
In order to nondimensionalize the variables, we rescale space and time as x 7→ x/λp and
t 7→ t/Tp, respectively. The length scale λp is the wavelength corresponding to the peak of the
JONSWAP spectrum (16) and Tp = 2pi/ωp is the associated wave period.
The gravitational constant in non-dimensional form becomes g 7→ gT2p /λp. The linear dispersion
relation ω2p = gkp implies gT2p /λp = 2pi, i.e., the non-dimensional gravitational constant is g = 2pi.
The initial velocity (17) in terms of non-dimensional variables becomes v0 = e
√
2/2.
5. Numerical results
In this section, we present the results obtained from numerically integrating the JS equation (10).
All results are reported in the non-dimensional variables discussed in section 4.3. First, we generate
the random wave fields from (15) with n = 200 and the JONSWAP spectrum (16). The computational
domain is x ∈ [0, 200pi] with periodic boundary conditions. The domain is large enough to avoid
finite-box effects. The parameter α in the JONSWAP spectrum (16) is set to α = 210(e/2)2 which
guarantees that the resulting waves have average steepness e. We report our results for three wave
steepness values e = 0.05, 0.075 and 0.1 which are below the threshold for breaking waves (Recall that
JS equation is not valid for breaking waves). Figure 2 shows a realization of the random wave field
with steepness e = 0.05.
Given a wave field ζ, we integrate the JS equation (10) with the embedded Runge–Kutta scheme
RK5(4) of MATLAB [30]. The initial conditions are x(0) = x0 = 0 and v(0) = v0 with the initial
velocity v0 discussed in section 4.2 (see equation (17)). For each steepness e, we generate 50, 000
random waves. For each realization of the waves, we compute the particle trajectories and estimate
the ensemble averages 〈·〉 from these 50,000 trajectories.
First, we examine the average drift 〈x(t)〉 as shown in figure 3(a). The average drift grows linearly
with time t which agrees with Stokes’ prediction [1,31]. However, the variance 〈|X(t)|2〉 of the particle
positions exhibits a surprising behavior. Recall that X(t) = x(t)− 〈x(t)〉 is the mean-zero position of
the particles. Figure 3(b) shows this variance as a function of time. For short times 〈|X(t)|2〉 grows
with the power law scaling t4. After roughly one wave period, the growth of the variance changes and
scales as t2. These two regimes result in the scaling law (2).
Note that this behavior is very different from Taylor dispersion theory (1) in the absence of waves.
Taylor dispersion predicts a scaling t2 for short times while, in the presence of waves, we observe the
scaling t4. For large times, Taylor dispersion predicts a Brownian-type diffusion where the variance
increases linearly with time while, in the presence of waves, we observe a ballistic dispersion with
〈|X(t)|2〉 ∝ t2.
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<latexit sha1_base64="d417Six7QkZWCLDZCZFyNbbhvQs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qokIfpwKXjxWaGyhDWWz3bRLN5uwOxFK6G/w4kHFq3/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7qZ+64lrIxLVxHHKg5gOlIgEo2glH8+bvbRXqbo1dwayTLyCVKFAo1f56vYTlsVcIZPUmI7nphjkVKNgkk/K3czwlLIRHfCOpYrG3AT57NgJObVKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUbXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPmUbgrf48jLxL2o3Ne/hslq/LdIowTGcwBl4cAV1uIcG+MBAwDO8wpujnBfn3fmYt644xcwR/IHz+QPiO44+</latexit><latexit sha1_base64="d417Six7QkZWCLDZCZFyNbbhvQs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qokIfpwKXjxWaGyhDWWz3bRLN5uwOxFK6G/w4kHFq3/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7qZ+64lrIxLVxHHKg5gOlIgEo2glH8+bvbRXqbo1dwayTLyCVKFAo1f56vYTlsVcIZPUmI7nphjkVKNgkk/K3czwlLIRHfCOpYrG3AT57NgJObVKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUbXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPmUbgrf48jLxL2o3Ne/hslq/LdIowTGcwBl4cAV1uIcG+MBAwDO8wpujnBfn3fmYt644xcwR/IHz+QPiO44+</latexit><latexit sha1_base64="d417Six7QkZWCLDZCZFyNbbhvQs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qokIfpwKXjxWaGyhDWWz3bRLN5uwOxFK6G/w4kHFq3/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7qZ+64lrIxLVxHHKg5gOlIgEo2glH8+bvbRXqbo1dwayTLyCVKFAo1f56vYTlsVcIZPUmI7nphjkVKNgkk/K3czwlLIRHfCOpYrG3AT57NgJObVKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUbXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPmUbgrf48jLxL2o3Ne/hslq/LdIowTGcwBl4cAV1uIcG+MBAwDO8wpujnBfn3fmYt644xcwR/IHz+QPiO44+</latexit><latexit sha1_base64="d417Six7QkZWCLDZCZFyNbbhvQs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qokIfpwKXjxWaGyhDWWz3bRLN5uwOxFK6G/w4kHFq3/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7qZ+64lrIxLVxHHKg5gOlIgEo2glH8+bvbRXqbo1dwayTLyCVKFAo1f56vYTlsVcIZPUmI7nphjkVKNgkk/K3czwlLIRHfCOpYrG3AT57NgJObVKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUbXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPmUbgrf48jLxL2o3Ne/hslq/LdIowTGcwBl4cAV1uIcG+MBAwDO8wpujnBfn3fmYt644xcwR/IHz+QPiO44+</latexit>
0
<latexit sha1_base64="eASanUXyvWXz3JBkc6AwV8UXLpI=">AAA B53icbVBNS8NAEJ34WetX1aOXxSJ4KokIfpwKXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y 3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1Fip6fYqVbfmzkCWiVeQKhRo9Cpf3X7 CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnh07IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FVkHOZZgYlmy+KMkF MQqZfkz5XyIwYW0KZ4vZWwoZUUWZsNmUbgrf48jLxz2vXNa95Ua3fFGmU4BhO4Aw8uIQ63EEDfGCA8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wf lUIyA</latexit><latexit sha1_base64="eASanUXyvWXz3JBkc6AwV8UXLpI=">AAA B53icbVBNS8NAEJ34WetX1aOXxSJ4KokIfpwKXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y 3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1Fip6fYqVbfmzkCWiVeQKhRo9Cpf3X7 CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnh07IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FVkHOZZgYlmy+KMkF MQqZfkz5XyIwYW0KZ4vZWwoZUUWZsNmUbgrf48jLxz2vXNa95Ua3fFGmU4BhO4Aw8uIQ63EEDfGCA8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wf lUIyA</latexit><latexit sha1_base64="eASanUXyvWXz3JBkc6AwV8UXLpI=">AAA B53icbVBNS8NAEJ34WetX1aOXxSJ4KokIfpwKXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y 3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1Fip6fYqVbfmzkCWiVeQKhRo9Cpf3X7 CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnh07IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FVkHOZZgYlmy+KMkF MQqZfkz5XyIwYW0KZ4vZWwoZUUWZsNmUbgrf48jLxz2vXNa95Ua3fFGmU4BhO4Aw8uIQ63EEDfGCA8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wf lUIyA</latexit><latexit sha1_base64="eASanUXyvWXz3JBkc6AwV8UXLpI=">AAA B53icbVBNS8NAEJ34WetX1aOXxSJ4KokIfpwKXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y 3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1Fip6fYqVbfmzkCWiVeQKhRo9Cpf3X7 CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnh07IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FVkHOZZgYlmy+KMkF MQqZfkz5XyIwYW0KZ4vZWwoZUUWZsNmUbgrf48jLxz2vXNa95Ua3fFGmU4BhO4Aw8uIQ63EEDfGCA8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wf lUIyA</latexit>
2<latexit sha1_base64="j7XgWggE6s0luirgq59zb8SMg4M=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mK4Mep4MVjC8YW2lA220m7drMJuxuhlP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6 xuVXcLu3s7u0flA+PHnSSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObmd+6wmV5om8N+MUg5gOJI84o8ZKzVqvXHGr7hxklXg5qUCORq/81e0 nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+aFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noKphwmWYGJVssijJ BTEJmX5M+V8iMGFtCmeL2VsKGVFFmbDYlG4K3/PIq8WvV66rXvKjUb/I0inACp3AOHlxCHe6gAT4wQHiGV3hzHp0X5935WLQWnHzmGP7A+fw B6FaMgg==</latexit><latexit sha1_base64="j7XgWggE6s0luirgq59zb8SMg4M=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mK4Mep4MVjC8YW2lA220m7drMJuxuhlP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6 xuVXcLu3s7u0flA+PHnSSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObmd+6wmV5om8N+MUg5gOJI84o8ZKzVqvXHGr7hxklXg5qUCORq/81e0 nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+aFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noKphwmWYGJVssijJ BTEJmX5M+V8iMGFtCmeL2VsKGVFFmbDYlG4K3/PIq8WvV66rXvKjUb/I0inACp3AOHlxCHe6gAT4wQHiGV3hzHp0X5935WLQWnHzmGP7A+fw B6FaMgg==</latexit><latexit sha1_base64="j7XgWggE6s0luirgq59zb8SMg4M=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mK4Mep4MVjC8YW2lA220m7drMJuxuhlP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6 xuVXcLu3s7u0flA+PHnSSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObmd+6wmV5om8N+MUg5gOJI84o8ZKzVqvXHGr7hxklXg5qUCORq/81e0 nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+aFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noKphwmWYGJVssijJ BTEJmX5M+V8iMGFtCmeL2VsKGVFFmbDYlG4K3/PIq8WvV66rXvKjUb/I0inACp3AOHlxCHe6gAT4wQHiGV3hzHp0X5935WLQWnHzmGP7A+fw B6FaMgg==</latexit><latexit sha1_base64="j7XgWggE6s0luirgq59zb8SMg4M=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mK4Mep4MVjC8YW2lA220m7drMJuxuhlP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6 xuVXcLu3s7u0flA+PHnSSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObmd+6wmV5om8N+MUg5gOJI84o8ZKzVqvXHGr7hxklXg5qUCORq/81e0 nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+aFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noKphwmWYGJVssijJ BTEJmX5M+V8iMGFtCmeL2VsKGVFFmbDYlG4K3/PIq8WvV66rXvKjUb/I0inACp3AOHlxCHe6gAT4wQHiGV3hzHp0X5935WLQWnHzmGP7A+fw B6FaMgg==</latexit>
4<latexit sha1_base64="l5dfJ264AD6XcyebNVWOmh/dib0=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mk4Mep4MVjC8YW2lA220m7drMJuxuhlP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6 xuVXcLu3s7u0flA+PHnSSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObmd+6wmV5om8N+MUg5gOJI84o8ZKzVqvXHGr7hxklXg5qUCORq/81e0 nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+aFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noKphwmWYGJVssijJ BTEJmX5M+V8iMGFtCmeL2VsKGVFFmbDYlG4K3/PIq8S+q11WvWavUb/I0inACp3AOHlxCHe6gAT4wQHiGV3hzHp0X5935WLQWnHzmGP7A+fw B61yMhA==</latexit><latexit sha1_base64="uqsCK419RPMT1f2+gTs8B4mLLy0=">AAA B43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIR/DgVvHisYGyhDWWznbRrN5uwuxFK6C/w4kG9+p+8+W/ctjlo64OBx3szzMyLMsG18bxvp7K2vrG 5Vd12d3b39g9q7uGjTnPFMGCpSFUnohoFlxgYbgR2MoU0iQS2o/HtzG8/o9I8lQ9mkmGY0KHkMWfUWOn+ol+rew1vDrJK/JLUoUSrX/vqDVK WJygNE1Trru9lJiyoMpwJnLq9XGNG2ZgOsWuppAnqsJgfOiWnVhmQOFW2pCFz9fdEQROtJ0lkOxNqRnrZm4n/ed3cxFdhwWWWG5RssSjOBTE pmX1NBlwhM2JiCWWK21sJG1FFmbHZuDYEf/nlVRKcN64bfr15U2ZRhWM4gTPw4RKacActCIABwgu8wbvz5Lw6H4vGilNOHMEfOJ8/geWLWw= =</latexit><latexit sha1_base64="uqsCK419RPMT1f2+gTs8B4mLLy0=">AAA B43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIR/DgVvHisYGyhDWWznbRrN5uwuxFK6C/w4kG9+p+8+W/ctjlo64OBx3szzMyLMsG18bxvp7K2vrG 5Vd12d3b39g9q7uGjTnPFMGCpSFUnohoFlxgYbgR2MoU0iQS2o/HtzG8/o9I8lQ9mkmGY0KHkMWfUWOn+ol+rew1vDrJK/JLUoUSrX/vqDVK WJygNE1Trru9lJiyoMpwJnLq9XGNG2ZgOsWuppAnqsJgfOiWnVhmQOFW2pCFz9fdEQROtJ0lkOxNqRnrZm4n/ed3cxFdhwWWWG5RssSjOBTE pmX1NBlwhM2JiCWWK21sJG1FFmbHZuDYEf/nlVRKcN64bfr15U2ZRhWM4gTPw4RKacActCIABwgu8wbvz5Lw6H4vGilNOHMEfOJ8/geWLWw= =</latexit><latexit sha1_base64="uqsCK419RPMT1f2+gTs8B4mLLy0=">AAA B43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIR/DgVvHisYGyhDWWznbRrN5uwuxFK6C/w4kG9+p+8+W/ctjlo64OBx3szzMyLMsG18bxvp7K2vrG 5Vd12d3b39g9q7uGjTnPFMGCpSFUnohoFlxgYbgR2MoU0iQS2o/HtzG8/o9I8lQ9mkmGY0KHkMWfUWOn+ol+rew1vDrJK/JLUoUSrX/vqDVK WJygNE1Trru9lJiyoMpwJnLq9XGNG2ZgOsWuppAnqsJgfOiWnVhmQOFW2pCFz9fdEQROtJ0lkOxNqRnrZm4n/ed3cxFdhwWWWG5RssSjOBTE pmX1NBlwhM2JiCWWK21sJG1FFmbHZuDYEf/nlVRKcN64bfr15U2ZRhWM4gTPw4RKacActCIABwgu8wbvz5Lw6H4vGilNOHMEfOJ8/geWLWw= =</latexit>
6
<latexit sha1_base64="LZd9zEDKkErKL7o+U1apdaBuxxk=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/DoVvHhswdhCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RRWVtf WN4qbpa3tnd298v7Bg45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJb3ZpxgENGB5H3OqLFS46JbrrhVdwayTLycVCBHvVv+6vR ilkYoDRNU67bnJibIqDKcCZyUOqnGhLIRHWDbUkkj1EE2O3RCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/CjIuk9SgZPNF/VQ QE5Pp16THFTIjxpZQpri9lbAhVZQZm03JhuAtvrxM/LPqddVrnFdqN3kaRTiCYzgFDy6hBndQBx8YIDzDK7w5j86L8+58zFsLTj5zCH/gfP4 A7mKMhg==</latexit><latexit sha1_base64="LZd9zEDKkErKL7o+U1apdaBuxxk=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/DoVvHhswdhCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RRWVtf WN4qbpa3tnd298v7Bg45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJb3ZpxgENGB5H3OqLFS46JbrrhVdwayTLycVCBHvVv+6vR ilkYoDRNU67bnJibIqDKcCZyUOqnGhLIRHWDbUkkj1EE2O3RCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/CjIuk9SgZPNF/VQ QE5Pp16THFTIjxpZQpri9lbAhVZQZm03JhuAtvrxM/LPqddVrnFdqN3kaRTiCYzgFDy6hBndQBx8YIDzDK7w5j86L8+58zFsLTj5zCH/gfP4 A7mKMhg==</latexit><latexit sha1_base64="LZd9zEDKkErKL7o+U1apdaBuxxk=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/DoVvHhswdhCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RRWVtf WN4qbpa3tnd298v7Bg45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJb3ZpxgENGB5H3OqLFS46JbrrhVdwayTLycVCBHvVv+6vR ilkYoDRNU67bnJibIqDKcCZyUOqnGhLIRHWDbUkkj1EE2O3RCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/CjIuk9SgZPNF/VQ QE5Pp16THFTIjxpZQpri9lbAhVZQZm03JhuAtvrxM/LPqddVrnFdqN3kaRTiCYzgFDy6hBndQBx8YIDzDK7w5j86L8+58zFsLTj5zCH/gfP4 A7mKMhg==</latexit><latexit sha1_base64="LZd9zEDKkErKL7o+U1apdaBuxxk=">AAA B53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/DoVvHhswdhCG8pmO23XbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RRWVtf WN4qbpa3tnd298v7Bg45TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJb3ZpxgENGB5H3OqLFS46JbrrhVdwayTLycVCBHvVv+6vR ilkYoDRNU67bnJibIqDKcCZyUOqnGhLIRHWDbUkkj1EE2O3RCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/CjIuk9SgZPNF/VQ QE5Pp16THFTIjxpZQpri9lbAhVZQZm03JhuAtvrxM/LPqddVrnFdqN3kaRTiCYzgFDy6hBndQBx8YIDzDK7w5j86L8+58zFsLTj5zCH/gfP4 A7mKMhg==</latexit>
8
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Figure 2. The space-time evolution of the random wave field (15) with steepness e = 0.05. The
horizontal dashed lines mark ζ = 0.
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(b)
Figure 3. The average drift 〈x(t)〉 (a) and the variance 〈|X(t)|2〉 (b) of the particles. Different colors
(symbols) correspond to wave steepness e = 0.05 (blue circles), e = 0.075 (orange crosses) and e = 0.1
(green squares). The dashed lines mark the indicated slopes.
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Figure 4. Probability density of the particle position X(t) = x(t)− 〈x(t)〉 and velocity V(t) = v(t)−
〈v(t)〉 normalized by their standard deviations. The PDF is shown at three times with the particle
dispersion corresponding to the wave steepness e = 0.1. The dashed line marks the standard normal
distribution.
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Figure 5. The autocorrelation function R(τ) = 〈V(t)V(t − τ)〉/〈|V(t)|2〉 for three different wave
steepnesses e. The black dashed line marks R = 12 .
This super-diffusive asymptotic behavior has been reported in homogeneous, isotropic turbulence
where 〈|X(t)|2〉 ∝ tγ with γ > 1 [32–34]. In turbulence, the departure from Taylor dispersion theory
is often associated with intermittency which manifests itself as heavy tails in the distributions of the
particle positions and velocities. However, for particles dispersion by waves, we do not observe such
heavy-tail statistics. In fact, as figure 4 shows, the PDF of particle positions and velocities are Gaussian.
Note that the initial conditions (x0, v0) are deterministic and therefore their initial distributions are
delta functions. However, as shown in figure 4, they rapidly converge to a Gaussian for t > 0 (e.g.,
see the circles marking the PDFs at time t/Tp = 0.1). As we show in Appendix A, these Gaussian
distributions can be deduced from the JS equations and a central limit theorem.
The unusual scaling (2) observed here can be explained by examining the autocorrelation function
R(τ) = 〈V(t)V(t − τ)〉/〈|V(t)|2〉. For t large enough, this function is independent of t and only
depends on the delay τ. Figure 5 shows R(τ) computed for t = 100Tp. One important feature of this
autocorrelation function is that it does not decay to zero for large τ. Instead, it decays to R(τ) = 1/2,
indicating that the Lagrangian particle velocities on the free surface remain correlated indefinitely.
This correlation explain the ballistic motion of particles observed in figure 3(b) for large t, i.e.,
〈|X(t)|2〉 ∝ t2. Recall equation (8) that relates the variance of the particles to the autocorrelation
function. For large τ, the autocorrelation tends to 1/2 and therefor the integral
∫ t
0 (t− τ)R(τ)dτ scales
as
∫
(t− τ)/2dτ ∼ t2/4 as t → ∞. Furthermore, the variance 〈|V(t)|2〉 is constant for large t (see
figure 6). These numerical observations, together with equation (8), imply that 〈|X(t)|2〉 ∼ t2.
Finally, we turn our attention to the short-term behavior 〈|X(t)|2〉 ∼ t4 reported in figure 3(b).
Figure 6 shows that, for t < Tp, the variance 〈|V(t)|2〉 increases quadratically in time. This together
with equation (8) implies that the variance 〈|X(t)|2〉 of the fluid parcels should in fact increase as t4.
6. Conclusions
Here, we investigated the nonlinear dispersion of fluid parcels on the free surface of a random
wave in deep ocean. The free surface is assumed to be a superposition of linear waves with random
phases and the JONSWAP spectrum. However, the fluid particle trajectories are computed using an
exact nonlinear model known as the John–Sclavounos (JS) equation [2–4].
Our main finding is the breakdown of Taylor’s dispersion theory [5]. In particular, for large times,
the particles disperse ballistically as opposed to diffusively. More precisely, the variance 〈|X(t)|2〉 of
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Figure 6. The variance of the Lagrangian velocities v(t) normalized by v20 where v0 = e
√
2/2 is the
non-dimensional initial initial velocity discussed in section 4.2. This plot is identical for all three wave
steepnesses e = 0.05, 0.075 and 0.1.
the distribution of the particles increases quadratically in time for large t so that 〈|X(t)|2〉 ∼ t2. For
short times, the variance is proportional to t4 giving rise to the scaling laws (2).
We showed that this unusual scaling law is a consequence of longterm correlation of Lagrangian
velocities of the fluid particles. This is a clear violation of Taylor’s assumption that these correlations
decay to zero asymptotically. Clearly, our results have profound implications for modeling the
dispersion of fluid particles (and pollutants) on the ocean surface.
Since the JS equations are valid in two dimensions, extending our results to two-dimensional
waves is straightforward and will be presented in future work. Furthermore, future work will
investigate the single-particle dispersion on the surface of (weakly) nonlinear waves. This can be
accomplished, for instance, by the one-way coupling of the JS equation to an envelop equation for the
free surface (e.g., the nonlinear Schrödinger equation).
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Appendix A Gaussian distribution of the particle position and velocity
In this section, we show that the Gaussian behavior observed in figure 4 can be deduced directly
from the JS equation. Recall that the JS equations are valid for relatively small-amplitude waves so that
wave breaking does not take place. More precisely, the wave surface ζ(x, t) is O(e) where 0 < e 1
is the wave steepness. Therefore, to the leading order, the JS equation (9) reads
x¨ = −g ζ,x(x, t) = g
n
∑
i=1
aiki sin(kix−ωit + φi), (A1)
where we used the random wave expression (15) for the second identity. The solution x(t; t0, x0) has a
O(1/√n) weak dependence on each of the random phases φi. Therefore, the terms sin(kix−ωit + φi)
are independent, identically distributed (i.i.d.) random variables up to an error of order O(1/√n).
The terms aiki sin(kix− ωit + φi) are also independent but they are not identically distributed
due to the wights aiki. Applying the Lyapunov Central Limit Theorem (CLT) [35] to the sum in
equation A1, we conclude that x¨ is a Gaussian process with zero mean. Furthermore, this implies that
Version February 12, 2019 submitted to Fluids 11 of 12
x˙ is Gaussian with constant mean and x is a Gaussian process whose mean increases linearly with
time, i.e. 〈x(t)〉 ∼ t (see figure 3(a)).
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